Introduction
Airborne geomagnetic surveying is generally implemented on fluctuant flight lines. As the general requirement for quantitative explanation of geomagnetic data is that the surveying data should be distributed on a plane, actual surveying data must be downward-continued to a specific plane.
Downward continuation is a typical ill-posed problem whose main trait is that computation is unstable. As the highfrequency disturbing signal in geomagnetic data is magnified distinctly along with the downward continuation depth, the effective signal cannot be distinguished. A number of studies have been implemented to solve this problem. The Landweber iteration method has been studied in references [1e9] , and iterative Tikhonov regularization has been used to solve illposed problems. References [10, 11] have investigated the criteria for choosing the regularization parameter.
The essential content of most downward continuation methods is to solve the inverse Poisson integral equation, from which a lot of mathematical models have been derived (for example, the direct FFT method, the iterative Tikhonov regularization method, the iterative Landweber regularization method, and so on). In addition to methods derived from the inverse Poisson integral equation, the direct representation method, the point-mass method, and the gradient method are also used frequently. Most methods (such as the least squares method, the generalized ridge estimate method, the pointmass method, and so on) are related to the inverse computation of the matrix, which means that the precision of their downward continuation results are not very good and their computational speeds are very slow. The merit of these methods is that they provide precision estimation information of the continuation results. Without the regularization factor, the direct FFT method's continuation is not steady. The direct representation method needs terrain information regarding the continuation area, and the gradient method is very simple; however, it has truncation errors and needs a priori magnetic field model. Every method has its merits and shortcomings, but methods operating within frequency domains have faster computation speeds and more precise results. Thus, in this paper, the iterative Tikhonov regularization method and iterative Landweber regularization method are adopted to realize the downward continuation of airborne geomagnetic data.
Fundamental model of downward continuation
The fundamental principle of downward continuation is shown in Fig. 1 .
In Fig. 1 , u 0 (x,y) are the airborne geomagnetic surveying data on the observation plane and u h ðx; hÞ are the geomagnetic data on the continuation plane. According to the upward continuation formula, the plane approximation relationship between airborne geomagnetic surveying data on the observation plane and geomagnetic data on the continuation plane is [12e14].
where h is the downward continuation depth and r is the distance between point ðx; h; hÞ on the continuation plane and point (x,y,0) on the observation plane. By Fourier transform of equation (1), the fundamental formula of downward continuation can be obtained as follows:
From equation (2), we can infer that the high-frequency noise in geomagnetic data would be magnified distinctly because of the instability of downward continuation operator e 2pfh . Thus, we use the iterative Tikhonov regularization method and iterative Landweber regularization method to solve the ill-posed problem of downward continuation.
Two iterative regularization methods in the frequency domain

Iterative Tikhonov regularization method
Equation (1) can be modified as
where K is a Fredholm integral operator of the first kind. Tikhonov regularization is a method used widely to solve ill-posed problems such as equation (3), and it computes the minimum regularization extensive function, which is min n kKu 0 ðx; yÞ À u h ðx;
where a is the regularization parameter and is used to balance instability and lubricity. By modifying equation (3), the Tikhonov regularization formula of downward continuation of airborne geomagnetic surveying data can be written as
The regularization solution and exact solution cannot reach the optimum degree because of the saturation effect of Tikhonov regularization, which is modified to the iterative Tikhonov regularization method of which the formula is [15e19].
where n is the iteration number. f ¼ ðu 2 þ v 2 Þ 1=2 , u, and v are wave numbers, which are the variables in the frequency domain, corresponding to x and y in the space domain.
Iterative Landweber regularization method
From equation (1), we can infer that the downward continuation of airborne geomagnetic surveying data computes u h ðx; yÞ and minimizes the object function (equation (7)) so as to obtain the minimal square solution.
The most rapid descending direction of function Qðx; yÞ is also the gradient, namely:
The iterative Landweber regularization method is a transformation of the method of steepest descent and its iterative form is as follows: 
which can also be understood as an iteration step. By Fourier transform of equation (9), and according to mathematical induction, the iterative Landweber regularization method can be obtained [10, 11, 20] :
4.
Numerical experiments and results analysis 4.1.
Data simulation
The formula to compute geomagnetic anomalies using the spherical magnetic field model is [21] : 12) where m 0 is the magnetic conductance in a vacuum, m 0 ¼ 4p Â 10 À7 H=m, M is the magnetization intensity, v is the volume of the sphere model, I is the magnetization obliquity, A 0 is the magnetization yaw, (e, h, x) is the coordinate of the sphere center, and (x, y, z) is the coordinate of a point in space.
To increase the complexity of the magnetic data, four spherical magnetic field models in different positions and depths are designed, by which the geomagnetic anomalies are produced. The fundamental parameters adopted by spherical magnetic field models are listed in Table 1 . Table 2 e Sphere-centered coordinates adopted by the spherical magnetic field models (unit: m). The coordinates of the sphere centers adopted by the spherical magnetic field models are listed in Table 2 .
The grid resolution of geomagnetic anomalies is 50 m Â 50 m and the point number is 221 Â 221. Theoretical geomagnetic anomaly data on planes of z ¼ 0 m and z ¼ 300 m are computed using the spherical magnetic field formula; those isoline charts are shown in Figs. 2 and 3 , respectively. To testify the validity of the two methods adopted in this article, the theoretical geomagnetic anomaly data on the z ¼ 0 m plane are added to Gaussian white noise, whose average is 0 nT and standard deviation is 3 nT; that isoline chart is shown in Fig. 4 . The statistical results are listed in Table 3 .
In Table 3 , maximum, minimum, average, and standard deviation(STD) refer to the maximal value, minimal value, average value, and standard deviation of theoretical magnetic anomaly data, respectively.
Experimental results of the iterative Tikhonov regularization method
The relationship of continuation errors to iteration times and regularization factors should be verified before testing the continuation precision of the iterative Tikhonov regularization method. The continuation error is computed every time when the values of regularization factor a are 0.5, 1.0, 1.5, and 2.0; the relationship between continuation errors and iteration times are presented in Fig. 5 . Fig. 6 shows the relationship between continuation errors and regularization factors when the iteration times are 10, 20, 30, and 40. From Figs. 5 and 6, we can infer that the minimal continuation errors are obtained in the inflexion of the continuation error curve. Though bigger regularization factors lead to smaller continuation errors, they also require longer iteration times. Table 4 shows the regularization factors and iteration times corresponding to the minimal continuation errors.
In Table 4 , maximum, minimum, average, and root mean square(RMS) are the maximal value, minimal value, average value, and root mean square of the difference between continuation results and theoretical magnetic anomaly data on the z ¼ 300 m plane, respectively. Fig. 7 shows the isoline chart of continuation results of iterative Tikhonov regularization when a ¼ 3.051.
By comparing Figs. 3 and 7，we can infer that the approaching effect of the continuation results of the iterative Tikhonov regularization method agrees well with the theoretical magnetic data on the continuation plane.
Experimental results of the iterative Landweber regularization method
The relationship of continuation errors to iteration times and regularization factors should be verified before testing the continuation precision of the iterative Landweber regularization method. The continuation error is computed every time the values of regularization factor a are 0.5, 1.0, 1.5, and 2.0; the relationship between continuation errors and iteration times are presented in Fig. 8 . Fig. 9 shows the relationship between continuation errors and regularization factors when the iteration times are 10, 20, 30, and 40.
From Figs. 8 and 9, we can infer that the minimal continuation errors are obtained in the inflexion of the continuation error curve. However, continuation errors are augmented quickly when regularization factor a ¼ 2.0. Thus, we conclude that regularization factors should be smaller than 2.0. Table 5 shows the regularization factors and iteration times corresponding to the minimal continuation errors. In Table 4 , maximum, minimum, average, and RMS are the maximal value, minimal value, average value, and RMS of the difference between continuation results and theoretical magnetic anomaly data on the z ¼ 300 m plane, respectively. Fig. 10 shows the isoline chart of continuation results of the iterative Landweber regularization method when a ¼ 1.141.
By comparing Figs. 3 and 10, we can infer that the approaching effect of the continuation results of the iterative Landweber regularization method agrees well with the theoretical magnetic data on the continuation plane.
Conclusions
By comparing the continuation results of these two methods, we see that the precision of the iterative Landweber regularization method is a little better than that of the iterative Tikhonov regularization method. However, for the same regularization factor, the iterative Landweber regularization method needs more iteration time.
The determination of an appropriate regularization factor is key to obtaining the optimum solution. In order to do so, methods such as the L-curve method, generalized cross validation method et al., can be used to determine the regularization factor. Thus, this content requires further study.
r e f e r e n c e s Fig . 10 e Isoline of continuation results (unit: nT).
